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The Structure of Liquid Water by Neutron Scattering. III.
Calculations of the Partial Structure Factors
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A formula for obtaining partial structure factors for fluid systems composed of molecular clusters with
various sizes was derived according to the theoretical procedure proposed in the preceding papers (N. Ohtomo, K.
Tokiwano, and K. Arakawa, Bull. Chem. Soc. Jpn., 54, 1802 (1981): 55, 2788 (1982)). The formula was ap-
plied to calculate partial structure factors of liquid water, and from the good agreement between the calculated
and observed values the pentamer-monomer mixture model for liquid water was confirmed as reasonable.

As the result of neutron diffraction studies of liquid
water reported in the preceding papers,-2't the
pentamer-monomer mixture model turned out to be
the best structure model of water, where the total
neutron structure factors obtained were interpreted
successfully by that model.

Quite recently, two partial structure factor data of
liquid water at 25°C were reported by Thiessen and
Narten?® and by Soper and Silver? using an isotope
substitution technique of neutron diffraction. A
comparison between calculated and observed partial
structure factors will offer a very sensitive test for the
structure model of liquid. However, no useful
theoretical procedure has been proposed for the
calculation of partial structure factors for associated
liquids like water.

In the present study, thus, we attempt to derive a
formula useful for obtaining partial structure factors
for the fluid system composed of molecular clusters
with various sizes based on the theoretical procedure
proposed in paper I and II.1:2 Then the partial
structure factors of liquid water for the pentamer-
monomer mixture model are calculated by the use of
the formula derived, and the results are compared
with the observed data.3:9

Procedure of Calculations of Partial
Structure Factors

Partial Structure Factors for Fluids Composed of
Molecular Clusters. For a r-component system, the
partial structure factors Sgs’ (Q) are connected with the
total structure factor Sm(Q) by

Sm(Q) = 31 z cxterbibySer(Q), (1)

where Zsicsbs, bs the coherent scattering length for the
nucleus species s, ¢s the number of the nuclei per
molecular unit, and Q=| 3| (Q: the scattering vector).

We consider here the case of a fluid system consisting
of molecular clusters with various sizes including
monomers and, then, begin with Eq. 12 for Su(Q) in
paper 11,

Su(Q) =3LS(Q) + T S2(Q) + Faun(Q)IS(Q) 11, (2)

where x, is the fraction of v-mer clusters in molecular
number, the f{(Q) the intramolecular contribution

T We cite Refs. 1 and 2 as paper I and 11, respectively, in
the following.

within the clusters (Eq. 13 in II), fx(Q) the factor
originating from the orientational correlation of
molecules within the clusters (Eq. 14 in II), S¢(Q) the
molecular-centers structure factor of the liquid (Eq. 10
in II), and f2u(Q) an extended form of a factor resulting
from the completely uncorrelated orientational
configuration between molecules in the liquid (Eq. 11
in II). We rewrite f¢ (Q) as

fe(Q) = vfH(Q) —f1(Q) — vf3(Q)f1(Q), @)

where

SHQ) = T 1< 5} S bug e5b (Q:an)>N (4

KO =< Sep(@ra)>l #22, ()
and

F2l@) = T DS b, < exp (1-7en) ST (6)

Suffix [ denotes the [-th molecule within the v-mer
cluster and n; the n-th nucleus in the molecule . Fyu’is
the vector distance from the nith nucleus to the n;~th
one, 7’ the vector distance from the center of the I-th
molecule to that of the !’-th one, and 7. the vector
distance from the center of the molecule ! to its n-th
nucleus, within the v-mer cluster. f{(Q) is the
contribution of atom-pairs within the v-mer cluster
(Eq.81in1), f3(Q) a factor resulting from the molecular-
center pairs within the cluster (Eq. 11 in I), and f3u(Q) an
extended form of a factor resulting from the completely-
uncorrelated orientational configuration between
molecules within the cluster.
Introducing Eq. 3 into Eq. 2, we obtain

$a(@) = [ 11 (@01 +SHQ)(1=,3

—fs"(Q)-fEU(Q)]+fzu(Q)[Sc(Q) 1,

where 6i is Kronecker’s 8.

From Egs. 1 and 7, we can obtain the partial structure
factors Sss(Q) for the liquid composed of molecular
clusters of various sizes including monomers. The Eq.
1 has a quadratic form on bs as well as the Eq. 7, though
in Eq. 7 the bs are contained in an implicit form. And
then, we can obtain the formula of S¢s’(Q) by comparing
these two equations, when an explicit form of the total
Sm(Q) is given. Thus, the formula of Ses’(Q) is obtained
for the practical model of the liquid under consid-
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Fig. 1. The structure of the regular tetrahedral
pentamer with the Cav symmetrical coordination.
The suffix O; indicates oxygen in the i-th molecule
within the pentamer, Dy the j-th deuteron in the i-th
molecule, and C; the molecular center of the i-th
molecule.

eration.

Partial  Structure Factors for Pentamer-Monomer
Maxture Model. For liquid water, using three
partial structure factors Soo(Q), Sop(Q), and Spp(Q),
Eq. 1 becomes

Sm(Q) = 317*[60*S00(Q) + 4bobpSon(Q)
+ 4 6p*Spp(Q)1, (8)
where 3'=bo+2bp.

In order to calculate the partial structure factors, we
adopt the pentamer-monomer mixture model fully
examined in paper II, which is composed of regular
tetrahedral pentamers with the Cav symmetrical

coordination (Fig. 1) and monomers as its constituents.
In this case, we put x,70 and x:#0 (others=zero).

Since fau(Q)=x1f20(Q)+x5f20(Q), Eq. 7 becomes

Sm(Q) = 2 {fHQ) + fw(Q)[S(Q) — 11}
+ % {SR(Q) + f2u(Q)[S(Q) — f3(Q)—11}- 9)

The intra-pentamer contribution SXQ) (=fi(Q) for
pentamer) is given from Eq. 13 in paper I as

SHQ) = 5 /HQ) + S*1,*SEAQ)
+ 4boboSR(Q) + 452501,

The factors SRY(Q), SPP(Q), and SER(Q), are the
intra-pentamer part of the contributions of the O-0O,
O-D, and D-D pairs, respectively, and the explicit
expressions are written below when the orientational
configuration of water molecules within the pentamer
is specified. The intramolecular contribution (1/v)f¥(Q)
(v=1 for monomer and v=y>5 for pentamer) is

—fHQ) = XMt + 265
+ 4bobp Y55(Q) + 26,2Y35(Q)],

(10)

(11)

and

Y:n'(Q.) =j0(Q.':n') exp (_T:n'Q,z)a (12)
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where jo(x)=sinx/x, r¥ is the distance between two
different nuclei n and n” within a molecule and 2y, the
mean-square variation to the distance .. The factor

fou(Q) is
SH(Q) = 23720 {Y50(Q)}*
+ 4bobpYeo(Q) Yen(Q) + 465" {Yep(Q)}?], (13)
where the suffix ¢ denotes the molecular center.
From Eqgs. 8—13, the partial structure factors Soo(Q),
Sop(Q), and Spp(Q) for liquid water are given explicitly
as follows:
S00(Q) = x[1+{¥eo(Q)}*[Se(Q)—11]
+ x[1+S2P(Q)
+ {¥e(Q)}[S.(Q) - f3(Q)— 111,
Son(Q) = x:[¥5p(Q) + Yeo(Q) Yor(Q)[S(Q)—11]
+ %[Y3(Q) + SRP(Q)
+ Yo(Q)YH(Q)S(Q) - f3(Q)—111,  (15)

(14)

and
Son(@) = 5[ {1+ 7(Q)} + (YHQVI5(Q)-11]
+ 5 {1+ ¥(Q)) +522(Q)

+ (V5(Q)}HS.(Q) — f3(Q) —1]]. (16)

For the Cav symmetry pentamer (Fig. 1), S©9(Q),
SOP(Q), and SPP(Q) are given as Egs. 16, 17, and 18in
I, respectively, and the factor f3(Q) is

FHQ) = 5 [8Y.,(Q) + H¥eiy(Q) + Yeye (Q)}

F 2{¥e;e)(Q) + Yege,(Q)}]-

For the S¢(Q) required in the calculation of Eqgs. 14—
16, we can use the observed X-ray intensity data,
considering from the fact that the first peak mainly
expresses the averaged packing of water molecules in
the liquid.

Parameters Used in the Present Calculation. Accord-
ing to the procedure described above, we can calcu-
late the Soo(Q), SOD(Q_), and SDD(Q) for the
pentamer-monomer mixture model with an appro-
priate value of pentamer fraction xs and other
several parameters (intramolecular distances, distances
between molecular centers, mean-square variations,
etc). The calculated curves are compared with the
experimental data at 25°C by Thiessen and Narten?
and by Soper and Silver.9

According to the result in paper II the value of xs is
0.85at25°C. Then, we use x1=0.15and x5=0.85in the
present analysis.

The values of molecular parameters are identical
with those in paper II: for pentamer, r3p=0.98 A, rbp=
1.60 A, and DOD angle=109.5° corresponding to the
molecule in heavy ice-1, for monomer, r60=0.96 A, rhp
=1.52 A, and DOD angle=104.5° corresponding to
the molecule in the vapor, and for the hydrogen-
bonding, 70,0, (=700 in paper 1I)=2.85 A and the
0O-0-0 angle=109.5°.

(17)
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In performing calculations, the determination of
molecular centers isrequired and there are three ways of
defining the molecular center: the center of mass of the
molecule 7, the definition as 7c;=%b,7/ 24,9 and

- PN R4
= S (18)

where n ranges over the nuclei in a molecule. Positions
of the three types of molecular center in heavy water
molecules (ho=0.58 X102 cm and bp=0.6710"12
cm)? are indicated in Fig. 2. As seen in the figure,
7e,=Tc, for heavy water molecule. Thus, we adopt here
the two kinds of molecular centers, 7, and 7.,.

With respect to the magnitudes of Debye-Waller
factors, assuming the mean-square variation 27y, the
inter-nucleus distance 7.,® we assign the following
values to the rms variation {2ym}Y2 as: first, D;=
0.06 AV2 per 1 A for intramolecular distances (rbp, bp,
10D, 7DD, Teo, Tep, Te0, and 75p) and for hydrogen-bonded
distances (70001, and 70,00, ; second, D;=0.07 Al/2 per 1
A for the seven intermolecular distances (70102, Y00D11,
T01Da1, TDoiD1, 7DDz, D2z, and 7Tpypy) and for five
distances between molecular centers (rcoci, Teiz, Tewcs,
Tercs, and Tegeq); third, Ds=0.1 AV2 per 1 A for four inter-
molecular (distances (ropz, 701Dz, TD12ba1, aNd TDyDy);
and, fourth, Ds=0.2 A2 per 1 A for four intermolecular
distances (7p,pa1, 7D1D22, TDiiDe, and TD12D22)-

D

Fig. 2. Positions of molecular centers.
G: The center of mass, c1: by Egelstaff,® cz: by the
authors (Eq. 18).
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Fig. 3. Comparison between the calculated Soo(Q)
for the Czv symmetry model and observed data.
—: S8AQ) calculated, ------ : Sg'o(Q) calculated, e:
neutron diffraction data by Thiessen and Narten,®
X: X-ray dffraction data by Narten.?
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Results and Discussion

Comparison between Calculated Partial Structure
Factors  Soo(Q), Sop(Q), and Spp(Q) and Observed
Data. Now, we can calculate the Soo(Q), Son(Q),
and Spp(Q), using Egs. 14—I18 together with the
observed X-ray intensity data at 25°C? for the S.(Q).
The calculated O-0O, O-D, and D-D structure factors
are shown in Figs. 3, 4, and 5, respectively, and
compared with the corresponding observed data. All
calculated curves essentially reproduce the observed
data successfully on the whole. Detailed features
observed in these figures are described in the following.

Two calculated curves, S8 (Q) and S§o(Q), are
indicated in Fig. 3, where upper suffixes c2 and G shows
the factor for the case when 7., and 7 is taken as the
molecular center respectively. The S$&(Q) is in
agreement with the observed data on the whole, except
for the deviation in the first peak at 2.1 A-1and that near
Q=5 A-1. On the other hand, an over oscillatory
behavior appears in the calculated Sgo(Q) curve,
though a good agreement in the first peak. On the
whole, the S§oQ) curve is somewhat better than SSof Q)
and the small difference between S%(Q) and S36(Q) is
attributed to the different magnitudes of the factors
Y&(Q) and Y$(Q) mainly.

With respect to the Sop(Q) shown in Fig. 4(a), the
main features of the observed data are seen as: the

1.0

Sop@
!

SOD(Q)‘XIYOD(Q)"‘sYOD(Q)

Fig. 4. Comparison between calculated O-D struc-
ture factors for the Cav symmetry model and observed
data.

(a) Son(Q) (®: Son(Q) observed by Thiessen and
Narten®), (b) Son(Q)—x1Ybp (Q)—x5Y3p(Q) (e:
intermolecular part of Sop(Q)esss from which the
intramolecular contribution of the pentamer-monomer

mixture model is subtracted), — : calculated curves
(7, as the molecular center), ------ : calculated curves

(7 as the molecular center).
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Fig. 5. Comparison between calculated D-D struc-

ture factors for the Cpv symmetry model and
observed data.
(a) Spp(Q) (O: Spp(Q) observed by Soper and Silver,¥
®: Spp(Q) observgd by Thiessen and Narten?®), (b)
Son(Q)—Z{1+Yon(Q)]1— F{1+¥Bo(Q)] (O: inter-
molecular part of Spp(Q)ess by Soper and Silver®
from which the intramolecular contribution of the
pentamer-monomer mixture model is subtracted, ®:
intermolecular part of Spp(Q)obsa by Thiessen and
Narten? from which the intramolecular con-
tribution of the pentamer-monomer mixture model
is subtracted), —: calculated curves (7., as the
molecular center), ------ : calculated curves (rg as the
molecular center).

largest peak at 2 A-1, a bump at ca. 4 A-! a deep
minimum at ca. 5 A-! and a broader peak ranging over
6—9 A-1. The calculated curve essentially reproduces
these features of the Sop(Q) data. Especially, the
agreement between the S& (Q) and the observed data is
excellent in the range of the first peak, 1—3 A-1. A large
deviation of the calculated SSp, (Q)curve from the data is
seen in the lower Q range, like the case of O-O structure
factor (Fig. 3). The same trend is found in the
intermolecular part of the O-D structure factor,
Son(Q)—x1Y6n(Q)—x5Ydn(Q), shown in Fig. 4(b).

In Fig. 5, the calculated D-D structure factors are
compared with the neutron diffraction data at reactor
by Thiessen and Narten® and those at LINAC by Soper
and Silver.# The two recent experimental data agree
with each other on the whole. But, several noticeable
deviations are observed. Taking account of the
experimental difficulties in determining partial
structure factors, we can see in Fig. 5(a) that the
calculated SBZD(Q) and SgD(Q) curves are in essential
agreement with Soper and Silver’s data on the whole.
With respect to these features, the behavior of the
intermolecular part of the Spp(Q) shown in Fig. 5(b) is
quite similar to that of the Spp(Q) on the whole. Thus,
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we can state that the pentamer-monomer mixture
model with the regular tetrahedral pentamer of the Cay
symmetrical structure reproduces the fundamental
character of the D-D structure factors satisfactorily. In
addition, the appearance of the first peak at 2 A-1in the
calculated curves as well as in Soper and Silver’s data is
noticeable, though the magnitude of the calculated
curves is only half that of their data.

Thus, the agreement between the calculated structure
factor curves and observed data suggests the essential
effectiveness of the pentamer-monomer mixture model
with the regular tetrahedral pentamer as its dominant
constituent.

We have taken so far the molecular center to be at the
oxygen nucleus, similarly to the choice by Page and
Powles,® and successfully interpreted the total structure
factors of heavy water.12 When the center is taken so,
the Soo(Q) is reduced to Sc(Q) resultantly as seen in Eq.
14, and then a reasonable estimation of the molecular
center is required for the present calculation. As
described in the preceding section, we have adopted two
kinds of molecular centers for heavy water molecule, 7,
and 76 (Fig. 2), and have calculated the partial structure
factors (Figs. 3—5). The reasonable choice of the
molecular center is practically important in obtaining
successful results. Moreover, it is pointed out, as a
noticeable feature, that the calculated curves are
independent on the choice of molecular centers in this
work, although only slight deviations of the Sf’s'(Q_) from
S&(Q) appear in lower Q region as seen in Figs. 3—5.

Freely Rotating Model. It is of much interesting
whether the overall orientational configuration of
water molecules in tetrahedral pentamer is the Cav
symmetry or the freely rotating, with respect to
peripheral molecules. In paper I, we calculated the
total structure factors for the freely rotating model in
addition to the Cgv symmetry model. In the former
model, the peripheral molecules are rotating freely
around the axis on a straight line joining the central
and peripheral oxygens. Here, we calculate the partial
structure factors of the freely rotating model also.
Then, for that model, we have assumed that the
positions of outer six deuterons are reduced to those of
peripheral oxygens on the average and also that the
positions of all the molecular centers are reduced to
those of oxygens within the molecule including its
molecular center. Accordingly, the 5‘93,’ (Q)and S‘RP (Q)
are written as

SER(Q) = 3 [2¥0,00,(Q) + 3¥0,0,,(Q)
+ 6%010,,(Q) + 9¥o,0,(Q)], (19)
and
SER(Q) = 15 Yogpa(Q) + 8¥oqo,, (@)
4 10¥6,5,,(Q) + B¥o,04(Q) + 13%0,0,(Q)],
(20)

respectively, and f§(Q) (Eq. 20) is reduced to Eq. 17.
Equations 19 and 20 are identical with Eqs. 19and 20 in
paper I, where a typographical error in Eq. 20 in paper I
is corrected.!® Then, for the freely rotating model,
using Egs. 14—20, we calculated the O-O, O-D, and
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Fig. 6. Comparison between calculated partial
structure factors for the freely rotating model and
observed data.

O: Neutron diffraction data by Soper and Silver, o:
neutron diffraction data by Thiessen and Narten,? X :

X-ray diffraction data by Narten,® —: calculated
curves ( 7:,as the molecular center), ------- : calculated

curves (7g as the molecular center).

D-D structure factors. The calculated curves are shown
in Fig. 6.
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Compared Figs. 6(a)—(c) with Figs. 3—5, respec-
tively, it is found that the difference between the
results for the freely rotating model and those for the Cav
symmetry model is very slight, except the D-D structure
factors in lower Q region. As seen in Figs. 5 and 6(c), the
calculated Spp(Q) curves for both models are fairly
different from each other in lower Q region (< 1.5 A-1).
This means the fact that the D-D structure factors in low
Q region dominantly reflect the orientational configu-
ration of water molecules in the liquid. Thus, the
marked deviation of the calculated Spp(Q) curve for the
freely rotating model from the observed data is considered
to indicate that the model behaves only as an approximate
one.
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